A unified gas kinetic scheme (UGKS) for multi-scale and multi-component plasma transport is constructed. The current scheme is a direct modeling method, where the time evolution solutions from the Vlasov-BGK equations of electron and ion and the Maxwell equations are used to construct a scale-dependent plasma simulation model. As a result, with the changing of modeling scales of mesh size and time step and with a variation of Knudsen number and Larmor radius, the discretized governing equations for a wide range of plasma evolution regimes can be obtained. The physics recovered in UGKS ranges from the Vlasov equation in the kinetic scale to different-type magnetohydrodynamic (MHD) equations in the hydrodynamic scale. The unified treatment covers all scales from the collisionless particle transport to the hydrodynamic wave interactions. The UGKS provides a more general evolution model than the Vlasov equation in the kinetic scale and many types of MHD equations in the hydrodynamic scale, such as the two fluids model, the Hall, the resistive, and the ideal MHD equations. All above specific governing equations become the subsets of the UGKS. The key dynamics in UGKS is the un-splitting treatment of particle collision, acceleration, and transport in the construction of numerical flux across a cell interface, and this flux is a scale-dependent evolving solution of the Vlasov-BGK model. At the same time, the plasma evolution is coupled with the Maxwell equations in an implicit way, which automatically provides a smooth transition between the Ampère's law and the Ohm's law for the calculation of electric field. The time step of UGKS is not limited by the relaxation time, the cyclotron period, and the speed of light in the MHD to simulate the phenomena from the Vlasov limit to the scale of plasma skin depth for the capturing of two-fluid effect, and the phenomena in the plasma transition regime with a modest Knudsen number and Larmor radius in a unified smoothly transitional way. The UGKS is validated by numerical test cases, such as the Landau damping and two stream instability in the kinetic regime, and the Brio-Wu shock tube problem and the OrszagTang MHD turbulence problem in the hydrodynamic regime. The scheme is also used to study the geospace environment modeling (GEM), such as the challenging magnetic reconnection problem in the transition regime. At the same time, the magnetic reconnection mechanism of the Sweet-Parker model and the Hall effect model can be connected smoothly through the variation of Larmor radius in the UGKS simulations. Overall, the UGKS is a physically reliable multi-scale plasma simulation method. It provides a powerful and unified approach for the study of plasma physics.
regime. Our scheme is able to give a physically accurate solution for plasma simulation with a large variation of Knudsen number and normalized Larmor radius. It can be used to simulate the phenomena from the Vlasov limit to the scale of plasma skin depth for the capturing of two-fluid effect, and the phenomena in the plasma transition regime with a modest Knudsen number and Larmor radius in a unified smoothly transitional way. The UGKS is validated by numerical test cases, such as the Landau damping and two stream instability in the kinetic regime, and the Brio-Wu shock tube problem and the OrszagTang MHD turbulence problem in the hydrodynamic regime. The scheme is also used to study the geospace environment modeling (GEM), such as the challenging magnetic reconnection problem in the transition regime. At the same time, the magnetic reconnection mechanism of the Sweet-Parker model and the Hall effect model can be connected smoothly through the variation of Larmor radius in the UGKS simulations. Overall, the UGKS is a physically reliable multi-scale plasma simulation method. It provides a powerful and unified approach for the study of plasma physics.
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Introduction
Generally, plasma is a medium with positive, negative, and neutral particles. It is quasineutral on the length scale larger than the Debye length r D . The plasma we concerned is weakly coupled plasma, such as the solar corona, the magnetosphere around the Earth, plasma inside a Tokamak, etc. as shown in Fig. 1 . The dynamics of a weakly coupled plasma can be described by the kinetic equations. The number of electron inside a Debye cubic, namely the plasma parameter N D is much larger than one (or the coupling parameter Γ 1). In a weakly coupled plasma, the ratio of the plasma frequency ω p to the collision frequency ν is large than one, so that the collective behavior is observed on the time scale longer than the plasma period ω −1 p , and on the length scale larger than the Debye length (λ D = U t ω −1 p ). In this work, we propose a unified gas kinetic scheme (UGKS) that can be applied to the fully ionized weakly coupled plasma composed of electrons and ions.
The motion of charged particles in a plasma is coupled with the evolution of electromagnetic field. The flow regime of a plasma is more complex than that of a neutral one.
Many plasma parameters are important in characterizing plasma flow property, such as the Debye length, the plasma frequency, the ion inertial length, and the plasma beta, etc.. Among those parameters, two parameters are important in characterizing the flow regimes of plasma, namely the Knudsen number Kn and the normalized Larmor radiuŝ r L i . The Knudsen number is the ratio between the particle mean free path to a characteristic length, and the normalized Larmor radius is the ratio between the Larmor radius and the characteristic length. The Knudsen number indicates the collision intensity and the normalized Larmor radius is about how strong the plasma is magnetized. On the kinetic scale, the dynamics of plasma is described by the kinetic equation, such as FokkerPlanck-Landau equation [1] . In kinetic equation, the averaged electromagnetic field effect is modeled to the order of the reciprocal of the normalized Larmor radius and the collision term effect is to the order of the reciprocal of the Knudsen number. As shown in Fig. 2 , in the rarefied regime with large Knudsen number, the plasma follows the collisionless Vlasov equation. In the highly collisional regime, the plasma is described by the hydrodynamic-type equations. Whenr L i 1, the plasma can be described by single fluid MHD equations. The two-fluid effect or the Hall effect becomes important in largê r L i regimes.
Numerical methods have been developed for plasma simulation since 1950s, such as the particle-in-cell (PIC) method, the kinetic Vlasov solvers and the hydrodynamic MHD solvers. The traditional PIC method suffers from statistical noise and restricted time step [2, 3] . In order to overcome those shortcomings, a series of asymptotic preserving PIC methods are developed by Degond et al. [5, 6] , which remain stable and are consistent with a quasi-neutral model in the quasi-neutral limit. Reformulated Vlasov-Poisson/Maxwell equations are used in the AP-PIC methods to unify models in different regimes.
Based on the high accurate phase space reconstruction techniques, many high order Vlasov solvers are proposed such as the conservative method [4] , the semi-Lagrange method [8] , the finite element method [9] , and finite difference method [10] . The Vlasov solvers can capture solutions of the collisionless Vlasov equation accurately. However only few work has been done to study the full kinetic equation including both the electromagnetic acceleration and the collision integral term for multi-species.
In the highly collisional and highly magnetized regimes, the plasma flow is governed by the hydrodynamic-type equations. Riemann solution based MHD solvers [11, 12] and the kinetic based MHD solvers [13, 14] have been proposed, which can recover the ideal MHD equations, and the extended Hall-MHD or dissipative MHD equations. Those methods are based on the single-fluid hydrodynamic equations, and hence can only be applied on the scale much larger than the Larmor radius and in the regime close to equilibrium.
Another type of schemes are proposed for the two-fluid system [15, 16, 17, 18, 19] . The two-fluid model takes into account the electron mass and the separation of electrons and ions, which can recover the flow regime from MHD to Euler regime.
In the transitional regime, hybrid methods are usually proposed to connect the kinetic solver with the hydrodynamic one [20, 21] . In the hybrid models, the PIC method is used in the collisionless regime and the hydrodynamic models are used in the collisional regime. The main difficulty for the hybrid method is to find a proper criteria to couple different numerical models. And the solutions are not physically reliable in the transitional regime. Another asymptotic preserving (AP) scheme of the FPL equation in [22, 23] can preserve the collisionless and Euler regimes, but the scheme is currently built on one species, where the two species effect and the MHD limit cannot be resolved. A good review about AP methods and multiscale models for plasma physics was given recently by Degond and Deluzet [24] . Even with asymptotic preserving property, the cell size is still limited by the mean free path scale for accuracy consideration for the capturing of dissipative solution.
In the past years, based on the methodology of direct modeling on the mesh size and time step scales, the UGKS has been developed to simulate multiple scale transport problems. For the rarefied gas dynamics, radiative transfer, and phonon transport, the UGKS becomes a successful multi-scale method and provides accurate solutions in all regimes [25, 26, 27, 28, 29, 30, 31] . In this paper, the UGKS is developed for the plasma simulation. The corresponding scheme is based on the space and time evolution solution of the Vlasov-BGK equations for electron and ion, and the Maxwell equations for electromagnetic field. During this modeling process, the evolution solution on the numerical cell size and time step is used for the construction of the scheme. The coupling of the particle transport, collision, acceleration in the flux calculation, and the implicit treatment of the source terms inside each control volume, endow the scheme with multi-scale nature. With the variation of Knudsen number, inter-species collision frequency, and dimensionless Larmor radius, the scheme unifies the solutions in the kinetic Vlasov regime, the two-fluid regime, and the MHD regime with a smooth transition among them.
The outline of this paper is the following. Section 2 reviews the kinetic equations, the Maxwell equations, and their asymptotic behavior in limiting flow regimes. The detailed formulation of UGKS is proposed in Section 3. Section 4 studies the numerical property of UGKS as well as the stability constraint. The numerical test cases are given in Section 5 to validate the UGKS in different flow regimes. The last section is the conclusion.
A review of kinetic and hydrodynamic model equations of plasma

Kinetic equations and Maxwell equations
In this paper, we consider the kinetic equations
for electron (α = e) and ion (α = i), where F α is the averaged electromagnetic force. The collisional term is modeled by a single BGK-type collision operator proposed by Andries, Aoki, and Perthame (AAP model) [32] . Other collision terms such as the Landau collision operator can be built into our scheme using the method we proposed for Boltzmann collision operator [33] . In AAP model, one global collision operator is used for each component to take account of both self-collision and cross-collision. The post collision
The parametersT α andŪ α are connected to the macroscopic properties of individual components by [32] 
where ν αr are the interaction coefficients between particles that measure the strength of intermolecular collision. The relaxation time is determined by τ α = 1/ r ν αr .
The averaged electromagnetic force F = E + u α × B, where the averaged electric field E and magnetic field B follow the Maxwell equations,
with divergence constraints of
The perfectly hyperbolic Maxwell equations (PHM) [34] are used in current work to evolve the electromagnetic field in order to preserve the divergence constraints,
where j is the electric current density, φ, ψ are correction potentials, and γ, χ are error propagation speeds. Our scheme is built on the BGK-Maxwell system Eqs. (1), (4), (5), which are able to cover the flow regimes of plasma from the collisionless Vlasov regime to the continuum MHD regime.
Asymptotic limits of BGK-Maxwell system
In order to study the asymptotic limits, we introduce the following scaling of the BGKMaxwell system, the scaled variables are given bȳ
where u 0 is the ion thermal velocity scale given by u 0 = k B T 0 /m i . Inserting this scaling into the BGK-Maxwell system and omitting the bars, we get the following scaled BGK-Maxwell system
BGK-Maxwell system
Two fluid system where the physically significant similarity parameters are: normalized relaxation time
normalized speed of light c, and the normalized electron mass m e in the non-dimensional equations. In the following, we study the asymptotic behavior of the BGK-Maxwell system with respect to the similarity parameters.
The normalized relaxation time τ α is proportional to the Knudsen number Kn α , which is defined as the ratio between the mean free path α and the length scale l 0 . When τ α 1,
the zero-th order of the BGK-Maxwell system with respect to τ α gives the following hydrodynamic two-fluid equations
where S i = −S e and Q i = −Q e are the corresponding momentum and energy exchange between electron and ion,
When the interspecies molecular interaction is intensive, i.e. ν
(1, r L i ), the zero-th order of the two-fluid system with respect to (r L i ν i,e ) −1 gives the Euler equations for the total densities, common velocity, and common temperature,
where
1, the first order with respect to r L i , the zero-th order with respect of m e /m i andλ D of the two-fluid system give the MHD equations with Hall effect and magnetic diffusion,
where j = n e q e U e + n i q i U i is the plasma electric current density and
is the electrical conductivity, which is related to the magnetic Reynolds number R m by
The ideal-MHD equations is the zero-th order approximation of the MHD equations (13) with respect to the Larmor radius, which read
where ρ = ρ i + ρ e is the total mass, p = p i + p e is the total pressure, (B · ∇ x )B/µ 0 is the magnetic tension force, and
The above analysis shows that in the continuum regime, when the interspecies collisions are strong, the gas mixture behaves like dielectric material, the BGK-Maxwell equations goes to Euler equations Eq.(11). For a conductive plasma, the BGK-Maxwell equations can span the complete range from the neutral two-fluid system to the resistive-MHD,
Hall-MHD, and ideal MHD equations as shown in Fig.3 . The BGK-Maxwell equations can be applied in the transition regime as well with modest Knudsen number, Debye length, and Larmor radius.
3. Unified gas kinetic scheme
General framework
The UGKS is a finite volume scheme built on the phase space
similar for the cell averaged electromagnetic field and divergence correction terms
The time evolution of the velocity distribution function (15) is coupled with the time evolution of the conservative variables
Wαi , (16) and the time evolution of the electromagnetic fields
where |Ω| is the volume of the cell, s i ∈ ∂Ω is the cell interface. The numerical flux in UGKS for the distribution function and conservative variables are calculated from the time-dependent distribution function at a cell interface, for example
where n is the outer normal direction at interface, and = (l u , l v , l w ) T is the acceleration due to Lorenz force.
Numerical flux
In this subsection, the detailed formulation of numerical flux is derived (subscript α is dropped for simplicity). The time dependent distribution function at a cell interface plays an important role in the UGKS flux calculation, which is modeled based on the integral solution of the kinetic equation Eq. (1),
, and f 0 (x, u) is the initial distribution function at t = t n . Assume that the cell interface is located at x 0 , the velocity cell center is located at u k , with the normal direction e 1 , and the local basis (e 1 , e 2 , e 3 ). The initial distribution function is reconstructed as
where ∆x = x − x 0 , ∆u = u − u k . Slope limit such as the van-Leer limiter is used to reconstruct the slope ∂ x f 0 and ∂ u f 0 in each phase space cells.
The post collision distribution function is expanded around the cell interface as
The coefficients a L,R , b, c, A are related to the spatial and time derivatives of f + , for example
and an analogous expression can be derived for b, c. From the reconstructed distribution f 0 (x 0 , u), the macroscopic conservative variables at a cell interface can be calculated
Then, the averaged macroscopic variablesW 0 in Eq.(3) can be evaluated, and its spacial derivative is reconstructed to be
The time derivative can be derived from the compatible condition
which gives
Substituting Eq. (22) and Eq.(23) into the integral solution Eq.(21), the time dependent distribution at the cell interface is
Based on the time dependent distribution function we constructed at the cell interface, the UGKS flux can be calculated by Eq. (18), (19) , and (20) .
Denote the Jacobian matrix of the PHM system Eq. (6) as A x for x direction and A y for y direction. The eigen-systems of the Jacobian matrixes are given in Appendix. The wave propagation method proposed by LeVeque [16, 35] is used to construct the numerical flux in Eq.(17), for example
Φ is a limiter function with 
An analogous expression can be derived for the Y directional flux.
Numerical treatment of particle acceleration and collision
In many cases, the electromagnetic acceleration is so large that the time step is restricted to be very small. In order to remove the constraint, we split the particle acceleration and collision process into two steps. First we shift the velocity distribution between cell centers as shown in Fig. 4 -i.
Kinetic equation
has exact solution
Based the exact solution, the distribution functions is shifted as
where su = ∆t 1 l u /∆u, sv = ∆t 1 l v /∆v, sw = ∆t 1 l w /∆w, and
Then the distribution function is updated to the next time step as shown in Fig. 4 -ii by
where f +,n+1 and τ n+1 are obtained from the updated conservative variablesW. As t n+1 − t n − ∆t 1 is small, the simplified upwind flux can be used in Eq. (36),
In summary, the UGKS algorithm is shown as the flowchart in Fig. 5 .
Limiting solutions of UGKS
Limits of UGKS flux
Define the time averaged flux of UGKS as
In the limit of ∆t τ ,F f follows the particle transport and acceleration, which gives the Vlasov flux
which is consistent with the collisionless Vlasov equation. In the limit of ∆t τ ,F f converge to the hydrodynamic flux, which gives
from which the hydrodynamic two-fluid system can be recovered as well as the MHD equations. The flow dynamics depends on the ratio of local time step ∆t to the relaxation parameter τ . In other words, the UGKS presents the plasma evolution model on the scales of the cell size and time step.
Limits of the source terms
In Eq. (16) and (17), the interactions between the electromagnetic field and the flow field,
i.e. the electromagnetic source term and the electric current density term, are treated implicitly. The interaction can be written down into the following linear system
where the numerical fluxes are included in terms j * i , j * e , and E * . The implicit source terms treatment endows the UGKS with the following two properties.
First, the time step is not be restricted by the cyclotron period. As shown in Fig. 6 that the linear system Eq. (41)- (44) are contract projection with respect to the helical motion of the charged particles. The motion of particles will be confined to the magnetic field lines as time step getting large, which ensures the stability of the scheme.
Second, the asymptotic limits of the BGK-Maxwell system are preserved. As
Eq.(43) preserves the synchronous motion of electron and ion, and the quasi-neutrality of plasma
As r L i → 0, Eq.(42) converges to the ideal Ohm's law
The summation of Eq. (41), (42), and (43) converges to the MHD momentum equation as 
The CFL number increases as r L i decreases. For example, in the Brio-Wu shock test case,
for r L i = 10 −3 . When r L i is set to be zero for ideal MHD solutions, the time step will not be limited by the speed of light, and is determined by
where c s is the sound speed and c m is the fast magneto-sound speed.
Numerical experiments
In this section, the UGKS is tested for the cases from collisionless regime to MHD regime.
In the collisionless Vlasov regime, we consider the classical test cases of Landau damping and two stream instability. The relaxation parameter τ in Vlasov limit is set to be τ = 10 regimes, the scheme is used to study the GEM magnetic reconnection problem, which happens on the Debye length scale.
Linear Landau damping
A Vlasov-Poisson (VP) system is perturbed by a weak signal. The linear theory of Landau damping can be applied to predict the linearly decay of electric energy with time [1] . The initial condition of linear Landau damping for the Vlasov Poisson system is 
Nonlinear Landau damping
When the VP system is perturbed by a large amplitude, the nonlinear effects will appear Fig. 11 , from which the nonlinear effect is clearly observed.
Linear two stream instability
Consider linear two stream instability problem with initial distribution function:
f (x, u, t = 0) = 2 7 √ 2π (1 + 5v 2 )(1 + α((cos(2kx) + cos(3kx))/1.2 + cos(kx)))e The background ion distribution function is fixed, uniformly to balance the charge density of electron. After a certain amount of time, a linear growth rate of electric field can be found, and the value can be theoretically calculated [1] . In Fig. 12 , we plot the evolution 
Nonlinear two stream instability
For the nonlinear case of two stream instability, we use a symmetric initial condition
(1+α cos(kx)), (52) with α = 0.05, U = 0.99, u t = 0.3, and k = 2 13 . In Fig. 14 , we show the numerical results of the contours of distribution function at t = 70. The computations show that the detailed structures of f can only be captured with very fine mesh for a second order scheme.
Brio-Wu shock tube
The Brio-Wu shock tube is a standard test case for ideal MHD solvers in continuum regime [12, 16] . The same initial condition as the Brio-Wu one is shown in Fig. 15 . The ion to electron mass ratio is set to be 1836, and the ionic charge state is set to be unity.
ν ie is defined the same as the one in the original AAP model [32] . The normalized Debye length is 0.01, and the normalized speed of light is 100. The ion Larmor radius takes In this test case, different time steps for electron and ion are used to reduce the computational cost. Specifically, based on the CFL number, the time step ∆t i for ions is chosen to be five times of the time step ∆t e for electrons. During one ∆t e the ions are supposed to be fixed, after evolving the electrons five times with ∆t e each, we update ions for one ∆t i and couple them with electrons through electromagnetic field.
The averaged density and velocity are calculated by
The results of the density, velocity, and magnetic field profiles, which are compared with the gas dynamic results, and MHD results are shown in Fig. 16 . It can be observed that the solutions behave like Euler solutions at large normalized Larmor radius. When normalized Larmor radius gets small, the electrons and ions are coupled together and the behavior of plasma fluid follows the Hall-MHD and towards to ideal MHD solutions.
Multiple scale shock tube problem
In this calculation, we study how the solution is developed from the initial condition to the final MHD one. Multi-scale solutions can be observed at different output times. The ion to electron mass ratio is set to be 25 and ν ie is set to be zero. The characteristic length is fixed to be 1000 ion Larmor radius. The upstream Debye length is 0.01r L i . The relaxation parameter τ is set to be 10 pi . At this output time, the UGKS solution goes to Vlasov one due to this collisionless limit, which is different from the hydrodynamic two-fluid solutions. The cell sizes used for output times t = 10 −4 , 10 −3 , 10 −2 are ∆x = 2.0×10 −6 , 2.0×10 −5 , 2.0×10 −4 .
In this transition regime, the solutions from the UGKS, Vlasov, and hydrodynamic two- pi . It is shown that at the output time t = 0.1, both the UGKS and two fluid system solutions converge to the MHD solution in this hydrodynamic regime. The computational time for UGKS to get solution at t = 0.1 is 126 seconds on a 3.40GHz 4-core CPU.
Orszag-Tang Vortex
This problem was introduced by Orszag and Tang as a simple model to study MHD turbulence [36, 37] . The mass ratio is set as m i /m e = 25, the relaxation parameter τ = 10 −5 and the Larmor radius is set to be zero for ideal MHD solutions first. The initial data for the current study is n i = n e = γ 2 , P i = P e = γ, B y = sin(2x), The magnetic reconnection happens near the center of the computational domain as shown in Fig. 23 , which merges two 'magnetic rings' into a single one with the time evolution.
The magnetic reconnection mechanism is different for different r L i , as shown in Fig. 23 .
For r L i = 0 case, the aspect ratio of the reconnection layer is large where a double Y-point geometry is observed. In this case, the reconnection is driven by the magnetic diffusion, that the reconnection rate is increased with a higher energy transfer efficiency as r L i increases.
Magnetic Reconnection
Magnetic reconnection is a process in which the topology of the magnetic field lines changes [39] . In ideal MHD, the magnetic field lines cannot be changed as the field lines are 'frozen' into the fluid. Various models were used to describe this phenomenon, for example the electron MHD [40] , MHD and Hall MHD [41, 42] , full particle [43] , and hybrid model [44] . It was found that the reconnection initiates at a length scale on the order of the electron skin depth and the reconnection rate is governed by the ion dynamics. Our scheme is based on the Vlasov-BGK equation which can describe the physics at electron skin depth level. Hence it can be used to describe the reconnection process.
The simulation uses the same initial conditions as the GEM challenge problem [16] . The initial magnetic field is given by
and a corresponding current sheet is carried by the electrons
The initial number densities of electron and ion are n e = n i = 1/5 + sech 2 (y/λ).
The electron and ion pressures are set to be
where B 0 = 0.1, m i = 25m e and λ = 0.
, which is divided into 200 × 100 cells. To initiate reconnection, the magnetic field is perturbed with δB = e z × ∇ x ψ, where
The velocity space for ion is [−3, 3] and for electron is [−25, 25] with 32×32 velocity grids. The computational time for UGKS is about 1342 mins on a 3.40GHz 4-core CPU. 
Conclusion
In this paper, a multi-scale numerical method for multi-species plasma simulation in the whole flow regimes has been constructed. The UGKS takes into account the collisions among electrons and ions, and their coupling through the full Maxwell equations. The UGKS describes the plasma evolution on the mesh size and time step scales, which intrinsically provides the fundamental multi-scale governing equations. The flow physics covered by the current scheme is more general than those from either the collisionless Vlasov equation or MHD equations in the corresponding kinetic or hydrodynamic limit alone. More importantly, the UGKS can give a reliable physical solution in the transitional regime as well, which has not been fully explored before from the particle-based and MHD-based numerical methods.
In the generalized Brio-Wu test case, the UGKS presents a smooth transition from neutral fluid results to the MHD solutions. At the same time, with the time scale variation the results from the kinetic Vlasov equation to the hydrodynamic two-fluid system have been obtained. The study of the Orszag-Tang turbulence problem shows the ability of the UGKS in capturing all kinds of MHD solutions and recovering the magnetic reconnection mechanism under different conditions. The UGKS is also able to capture the phenomena on the scale of Debye length, such as the fast magnetic reconnection in GEM case. The direct modeling methodology makes it possible to construct UGKS for the study of multiscale transport in the rarefied gas dynamics, radiative transfer, and plasma physics.
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Appendix: eigen-system of perfectly hyperbolic Maxwell equations
The PHM equations read ∂Q ∂t
where Q = (E 1 
